New explicit conditions of exponential stability are obtained for the nonautonomous linear equatioṅ
Introduction
In this paper we continue the study of stability properties for differential equations with several delays and an arbitrary number of positive and negative coefficients, which was begun in [1] . New explicit stability conditions are obtained, including stability tests in "iterative" and "limit" forms.
To demonstrate the novelty of these results, consider the equatioṅ x(t) + 0.6 sin 2 tx(t − 2) − 1 15 sin 2 tx(t − τ ) = 0.
In [2] it was shown that Eq. (1) is asymptotically stable for τ = 0.
To the best of our knowledge, all other known results, for example, obtained in [1, [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] , except recent paper [17] , fail for this equation. By Theorem 4 (see Example 1 in Section 5) Eq. (1) is exponentially stable for every 0 τ < 2. Moreover, the constant 1 15 = 0.066 . . . may be replaced by any number less than or equal to 0. 23 .
All results of the present paper are obtained under the assumption that coefficients and delays are measurable and solutions are absolutely continuous functions.
The paper is organized as follows. Section 2 contains some definitions and auxiliary results. In Section 3 we study exponential stability of delay equations with a positive fundamental function. In the next section on the base of the Bohl-Perron type theorem we obtain new explicit stability conditions for equations with several delays. Models considered in Section 3 are used as comparison equations. In Section 5 we compare the results of the present paper with known stability tests for equations with several delays. For illustration, several examples are presented.
Preliminaries
In the present paper we consider a scalar linear equation with several delayṡ
with the initial function and the initial value x(t) = ϕ(t), t < 0,
under the following conditions:
(a1) a k (t) are Lebesgue measurable essentially bounded on [0, ∞) functions; (a2) h k (t) are Lebesgue measurable functions, h k (t) t, sup t 0 [t − h k (t)] < ∞;
(a3) ϕ : (−∞, 0) → R is a Borel measurable bounded function.
We assume conditions (a1)-(a3) hold for all equations throughout the paper. (2) , (3) if it satisfies Eq. (2) for almost all t ∈ [0, ∞) and equalities (3) for t 0.
Definition. A locally absolutely continuous function x : R → R is called a solution of problem
Below we present a solution representation formula for nonhomogeneous equation (2) with Lebesgue measurable right-hand side f (t): 
(t)x h k (t) = f (t). (4)
Definition. A solution X(t, s) of the probleṁ
is called the fundamental function of (2).
Lemma 1.
(See [18, 19] .) Suppose (a1)-(a3) hold. Then the solution of (4), (3) has the form
where ϕ(t) = 0, t 0.
Representation formula (5) is also valid in the case, when we shift the initial point 0 to t 0 > 0, with zero replaced by t 0 in (5).
Definition. Equation (2) is (uniformly) exponentially stable, if there exist K > 0, λ > 0, such that the fundamental function X(t, s) of (2) has the estimate
For linear equation (2) this definition is equivalent to the uniform asymptotic stability [18] . Under our assumptions the exponential stability does not depend on values of parameters of the equation on any finite interval. Thus all our conditions should be satisfied for sufficiently large t only.
Let us introduce some functional spaces on a halfline. Denote by L ∞ [t 1 , ∞) the space of all essentially bounded on [t 1 , ∞) functions with the essential supremum norm y L ∞ = ess sup t t 1 |y(t)|, by C[t 1 , ∞)-the space of all continuous bounded on [t 1 , ∞) functions with the sup-norm, by
Together with Eq. (2) we consider an auxiliary equatioṅ
which will be referred below as a comparison equation for Eq. (2). Denote by X 0 (t, s) the fundamental function of Eq. (7) and consider for every t 1 0 the following linear equations and linear operators: 
Remark. If
where I is the identity operator, then the inverse operator L
exists and is bounded.
In [1] ordinary differential equations were applied as comparison equation (7). In the present paper delay differential equations with positive coefficients and a positive fundamental function will be used for comparison. Below we present some results on these equations.
Lemma 4.
(See [21, 22] .) Let a k (t) 0. Then the following statements are equivalent:
(1) Equation (2) has an eventually positive solution.
has an eventually positive solution or the differential inequalitẏ
has an eventually negative solution.
has an eventually nonnegative locally integrable solution. 
Then
Proof. It is sufficient to prove the lemma for s = t 0 (the general case is considered similarly). Denote x(t) = X(t, t 0 ), y(t) = Y (t, t 0 ), then x(t) = y(t), t t 1 = t 0 + H , and for t t 0 + H , 
Then Eq. (2) is exponentially stable.
Proof. Without loss of generality we can assume γ 1
where t 0 is defined as in (17) . Then by Lemma 5 for t s + H we have
Hence inequality (6) holds for
To obtain explicit stability conditions for general delay differential equations, we will need the following lemma, which is a modification of some known results (see [23] ). (17) hold. Then for t 0 defined in (17),
Lemma 6. Suppose for Eq. (2) conditions
Proof. A function x(t) = 1, t t 0 , is a solution of the probleṁ
where
X(t, s)f (s) ds 1, which implies (19). 2

Main results
First consider Eq. (2) with two terms:
Theorem 2. Suppose for Eq. (20) lim inf t→∞ (a(t) + b(t)) > 0 and there exists a delay r(t) t, such that for sufficiently large t, t r(t) a(s)
If in addition at least one of the following conditions holds:
Proof. There are four possible choices of the pair {B 1 (t), B 2 (t)}, thus Theorem 2 involves eight different stability conditions. It is sufficient to prove one of eight only, the others are proved similarly. We will justify condition (22) for
Without loss of generality we can assume
Rewrite Eq. (20) for t large enough in the following forms: 
. (20) is exponentially stable, which completes the proof. 2
Corollary 2.1. Suppose lim inf t→∞ (a(t) + b(t)) > 0 and there exists r(t) t such that
If at least one of conditions (22) Next, consider Eq. (20) with positive and negative coefficients: 
Consider now Eq. (20) with a nondelay term: 
where B(t) is either a(t) or b(t). Then Eq. (27) is exponentially stable.
For the proof we use r(t) ≡ t and condition (23) of Theorem 2.
Continuing the iteration process in the proof of Theorem 2, we can improve this result. Denote
where B(t) is one of the functions a(t), b(t).
Theorem 3. Suppose for Eq. (20) lim inf t→∞ (a(t) + b(t)) > 0 and there exists delay r(t) t such that (21) holds for sufficiently large t.
If for some positive integer n at least one of the following conditions holds: To obtain a similar result for Eq. (25) with positive and negative coefficients denote 
where C n (t) are defined in (29), then Eq. (25) is exponentially stable.
Corollary 3.2. Let lim inf t→∞ (a(t) + b(t)) > 0, there exists n such that lim sup t→∞ a(t) t h(t) A n (s) ds a(t) + b(t) < 1, where in (28) g(t) ≡ t. Then Eq. (27) is exponentially stable.
For the proof we take r(t) = g(t) ≡ t in condition (2) of Theorem 3.
To obtain the "limit form" of Theorem 3 for Eq. (25), we need the following lemmas. Proof. Denote a 0 = c 0 , a n = c n − c n−1 . Then c n = a 0 + · · · + a n . The series ∞ n=0 a n converges, so there exists c = lim n→∞ c n . 2
Lemma 8. Suppose for functions a(t), b(t), h(t), g(t) conditions (a1)-(a2) hold, a(t) b(t) 0, g(t) h(t), and
Then the sequence (C n (t)) ∞ n=1 denoted by (29) is nonincreasing for almost all t and there exists the limit C(t) = lim n→∞ C n (t) in the space L ∞ [t 0 , ∞) for some t 0 0.
Proof. Without loss of generality we can assume g(t) h(t) a(s) + b(s) ds 2, b(t) g(t)
for some t 0 0. The first inequality (31) implies 0 C 1 (t) C 0 (t), t t 0 . By induction we obtain 0 C n+1 (t) C n (t), t t 0 . We also have
The reference to Lemma 7 completes the proof. 2
Theorem 4. Suppose for Eq. (25), b(t) 0, lim inf t→∞ (a(t) − b(t)) > 0, g(t) h(t), (30) holds, there exists r(t) t such that (26) is satisfied for sufficiently large t, and lim sup t→∞ a(t) − b(t) h(t) r(t) C(s) ds + b(t) g(t) h(t) C(s) ds a(t)
where C(t) = lim n→∞ C n (t) and C n (t) are denoted by (29). Then Eq. (25) is exponentially stable.
Proof. Lemma 8 implies the existence of C(t) = lim n→∞ C n (t)
in the space L ∞ [t 0 , ∞) for some t 0 0. Without loss of generality we can assume
a(t) − b(t) h(t) r(t) C(s) ds + b(t) g(t) h(t) C(s) ds a(t) − b(t) α < 1, t t 0 . (33)
Let > 0 be an arbitrary small number. There exists n 0 such that
We have for some fixed n n 0 and t t 0 ,
h(t) r(t) B n (s) ds + b(t) a(t) − b(t) g(t) h(t) B n (s) ds
where we have denoted by A the expression in the brackets. By inequality (33),
for > 0 small enough and t t 0 . Finally, Corollary 3.1 implies Eq. (25) is exponentially stable. 2
Consider an equation with proportional coefficients (such equations appear as linearized equations of mathematical biology)
x(t) + c(t) ax h(t) − bx g(t)
Without loss of generality we can assume 0 c(t) 1. Proof. Without loss of generality we can assume for some t 0 0,
(t) h(t) c(s) ds < 2, lim sup t→∞ b[g(t) − h(t)] q, there exists r(t) t such that (a − b) t r(t) c(s) ds
Equalities (29) take the form
Thus by Theorem 4, Eq. (34) is exponentially stable. 2
Consider now Eq. (34) with constant delays:
and there exists τ 0 , 0 τ 0
2 , and one of the following conditions holds: 
Consider now the general equation with positive and negative coefficientṡ
We need the following lemma, which is a modification of [1, Lemma 5].
Lemma 9. Suppose for any h(t), g(t) such that
Eq. (25) is exponentially stable. Then Eq. (36) is exponentially stable.
Theorem 5. Suppose lim inf t→∞ (a(t) − b(t)) > 0 and there exists r(t) t such that (26) holds
for sufficiently large t. If for some n at least one of the following conditions holds: 
there exists r(t) t such that (26) holds for sufficiently large t, r(t) max k h k (t), and
lim sup t→∞ a(t) − b(t) r(t) min k h k (t) B(s) ds + b(t) max k g k (t) min k h k (t) B(s) ds a(t) − b(t) < 1,
where B(t) = lim n→∞ B n (t), B n (t) are denoted by (38). Then Eq. (36) is exponentially stable.
The statement of the corollary follows from Theorems 4 and 5.
Consider the equation with proportional coefficients and constant delayṡ
where 0 σ 1 · · · σ m , 0 τ 1 · · · τ n .
Theorem 5 and Corollary 4.3 imply
and at least one of the following conditions holds: Proof. Rewrite Eq. (2) in the following form:
The end of the proof is similar to the proof of Theorem 2. 2
As a corollary of Theorem 6 let us obtain stability conditions for the equation with proportional coefficients and constant delays: 
Discussion and examples
Most results of the present paper are obtained for Eq. (2), where m k=1 a k (t) 0. The case of oscillatory m k=1 a k (t) will be the topic of our future research. Now let us compare the results of this paper with some others, where authors consider differential equations with several delays [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] . Most of these papers consider equations with one nondelay term and one delay term or with two delay terms. Only in [1, [3] [4] [5] [6] [7] [8] the authors consider equations with an arbitrary number of delays. In some of these papers more general equations than (2) are studied: equations of neutral type [11] [12] [13] , nonlinear equations [3, 4, [15] [16] [17] , equations with state dependent delays [2] , equations with infinite number of delays [3] , etc.
In [3] the author demonstrates that if in (2) In [1, 4] for Eq. (2) the authors obtain so-called 3 2 stability criteria, but these conditions contain only one greatest delay.
In [5, 6] for Eq. (2) the perturbation method is applied, which is based on the estimation of the fundamental solution for an autonomous equation with one delay. This leads to a number of interesting stability conditions for Eq. (2).
In the papers [7, 8, 24] and the monograph [14] the same method as in the present paper was applied. It is based on the Bohl-Perron type theorem [14, 20, 26] and on the comparison with some exponentially stable delay differential equation. For the first time this method was proposed is [25] . In [7, 8] it was further developed: explicit stability conditions for various kinds of linear functional differential equations were obtained.
In [9] [10] [11] [12] [13] some special cases of Eq. (2) were studied. We do not discuss here results for the equatioṅ
where the nondelay term dominates over the other ones, since such results are well known.
For Eq. (25) with constant delays integral stability conditions were obtained in [10, 11] . There are many publications on the equatioṅ
Here we note the paper [2] with a very interesting example which will be discussed below and the paper [17] , where the author considered this equation with proportional coefficients.
In the present paper we investigate the stability of Eq. (2) with an arbitrary number of delays and obtain new explicit stability conditions, including stability criteria in the "iterative" and "limit" forms. In [27] the authors apply a different iterative process to obtain necessary and/or sufficient conditions of asymptotic stability for n-dimensional system of differential equations with one delay.
To compare our results with known ones, we present here several examples. The first example is a modification of the example given in [2] . Example 1. Consider the equatioṅ
where t − 2 g(t) t. To show that this equation is exponentially stable, we will apply Theorem 4. For further calculations we need the inequality We have It is interesting to note that for (45) with c(t) ≡ 1 both equations with one term,ẋ(t) + 2x(t − 1) = 0 andẋ(t) − 1.8x(t − τ ) = 0, are unstable. To the best of our knowledge, all known stability tests fail for Eq. (45). (1 − 0.5 sin t) = 1.53 > 1.5.
